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Branching Random Walk (BRW)

Given a probability measure {pi}r>0 on N (called offspring distribution) and a probability
measure G on R, the branching random walk is defined as follows.
@ At time 0, there is one particle positioned at 0, denoted by Zj.

@ It splits into a random number of particles according to {pi}r>0, meanwhile, each
of the particles are positioned independently (with respect to their parent)
according to the same probability measure G, denoted by Z;.

@ Similarly, each particle in Z; splits independently according to {pi}r>0 and is
positioned independently according to G, which forms Zs.

@ And so on.

Assume: the reproduction and displacement mechanisms are independent.
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Branching Random Walk (BRW)

We use the classical Ulam—Harris notation for discrete trees.

T: the genealogical Galton—Watson tree of this system rooted at &.
V(w): the position of u.

|u|: the generation of u.

Branching random walk: the random measure Z,, = ZuET:Iu|=n Ov(u)-

Zn(A) :=#{u e T: V(u) € A, |u| = n} : the number of particles in the n-th
generation located in A.

N, := Zn(R): the size of n-th generation. Then {Nn;n > 0} is a Galton-Watson
process (GW process) with offspring distribution {pi}x>0. which is called
supercritical, critical, and subcritical according to m: =Y kpy > 1, =1 and < 1,
respectively.

f(s) ==, pus’, s €[0,1]. It is easy to obtain the generating function of N, given
by the iterate

fo(s) = [(fam1(5)) s Jo(s) = s, fils) = fls).
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Known results

@ The intensity measure of Z, is m"G"™, where G"* is the n-fold convolution of G.
@ If G has mean p and variance 63 < 0o, then for any z € R,
m”™"E [Zn((—o0, Vnooz+ nu))| = G™ (V/nooz + nu) — ®(z), n— oo,

where ®(z) is the standard normal distribution function.
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Known results

Supercritical BRW (m > 1):

@ Harris (1963) first conjectured the following central limit theorem (CLT) for the
supercritical BRW: if G has mean zero and variance one,

m~"Zy((—o0,vnz]) - W®(x) in probability, n— oo, (1)

where W is the limit of the additive martingale {m™"N,} in GW process.

@ Stam (1966), Kaplan and Asmussen (1976): under the assumption"particles’
displacement are independent of their reproduction”, and obtained that the
convergence holds almost surely.

@ Klebaner (1982), Biggins (1990): removed the assumption, and extended these
results to the branching random walk in time-varying environment.
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Known results

In subcritical case, the processes will die out with probability one. }

Subcritical branching Brownian (BBM) motion with absorption:

@ Liu (2021): obtained a Yaglom type asymptotic result for subcritical BBM with
absorption.

Subcritical BRW (m < 1):

@ (1) holds almost surely.

@ Q: What's the conditional central limit theorem for subcritical BRW?
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Assumption & Question

@ the reproduction and displacement mechanisms are independent.

e 0<m<1, 02:=VarN; < oco.

o [LzdG(z) =0, [,2?dG(z) = 1.

In subcritical BRW, what's the asymptotic result of £ (Z,((—oc,/nz]) | N, > 0) under
the assumptions as n — oo?
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Previous results for subcritical GW process

Yaglom's theorem

For 0 < m < 1, then
L(N, | Ny, > 0) =2 L(6),

where —% means weak convergence, and we say random variable £ is the Yaglom limit
of GW process {N,,; n > 0}.

@ Yaglom (1947): showed that such limit exists when m < 1 and N; has a finite
second moment.

@ Heathcote, et al. (1967), Joffe (1967), Athreya and Ney (1972): generalized to the
case without the second moment assumption.
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Previous results for subcritical GW process

More generally, it is meaningful to extend to condition on {N,; >0}, [=1,2,---.

Conditional limit theorem (Athreya and Ney, 1972)

For 0 < m < 1, then

lim P(Ny=7| Nopi>0)=b;()) >0, j>1,

n— 00

and >, bj({) =1, its generating function is m~[B(s) — B(s£(0))], where B(s) is the
generating function of Yaglom limit.
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Previous results for subcritical GW process

As | — oo, the limit distribution of £ (Ny | Nt > 0) determines a Markov process
whose n-step transition probabilities are given by

Qu(i,j) = lim P (N = j| Nuvs > 0, No = i),

and we call the above Markov process is the ()-process associated with { Np;n > 0}.

The positive recurrence for ()-process

For 0 < m < 1, the Q-process is positive recurrent if and only if >, (klogk)py < co. In
the positive recurrent case the stationary measure for @ is

Wj:@(o)jbﬁ ]: 1727"' ’

where b; =P (£ =), ¢(0) = limp, 0o m™"P(N, > 0). Furthermore, the generating
function of {m;};>1 is ©(0)sZ'(s).

.

@ Joffe (1967), Athreya and Ney (1972): studied the positive recurrence for Q-process.

@ Remark: Heathcote, et al. (1967), Athreya and Ney (1972) showed that ¢(0) > 0
if and only if >, (klog k)pr < oo.
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Main result

Theorem 1 (Conditional central limit theorem)

Suppose that assumptions hold, then for all x € R,
L (Zn((—oo7 na]) | Np > O) LN (51{/\/51}) , N — 00,

where N is a standard normal random variable and independent of £, which is a Yaglom
limit of the subcritical GW process { Ny,; n > 0}.
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@ The limit variable in Theorem 1 reflects two parts of the randomness: the Yaglom
limit variable comes from the subcritical branching, and the normal variable comes
from the space displacement.

@ In supercritical BRW Kaplan and Asmussen (1976) decomposed M
kn, where k, = n®, 0 < 8 < 1. Since Ni, — 00 as n — oo, they use the law of
large numbers” (see Kaplan and Asmussen (1976), Lemma 1) for the first &,
generation of BRW to get W. Since n — k, — oo as n — 0o, they then use CLT for
the last n — k, generation of BRW to get ®(z).

@ In subcritical BRW, conditioned on {N,, > 0}, N, doesn't tend to infinity as
n — oo. So we need a new decomposition.
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Sketch of the proof

@ Our goal:

L (Zn((—oo, Vnal) | N, > O) L (fl{NSz}) , N — 00, 2)

@ Basic tools: reduced tree, the many-to-few formula.

IR 1

N

Anx

EnEFHR
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Dan Yao (BNU)

Conditional central limit theorem July 31, 2023 14 /31



Sketch of the proof: reduced tree

@ Reduced tree: obtained by removing all branches of the original GW tree T, which
don't extend to generation n.

@ T,: the reduced tree conditioned on survival up to time n, which has the root @.
® Thn:={uecT,:|u =k}

(] Nk,n = #Tk,n, Nn = Anm.
* L(No) = L(Nn | N> 0) =5 L(€), as n — oo.
* Nn,T,n converges to 1 in law as n then 7 — oo.

* Fleischmann, et al. (1977) : { Ny ;0 < k < n} is a non-homogeneous GW
process, and its offspring distribution {p;(ex(n))}i>0 at time k is given by

L SUnm1(0) + 5 (1= fuok=1(0)) = fu-i(0)
> miler(n))s' = 1 — fur(0) '

>0
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roof: reduced tree

@ wuw: the concatenation of u and wv. In particular, Zu = u@ = u.

e z€T,, the subtree T, rooted at z is defined by T,(2) := {v: zv € T,}.

o T jn(2) = {ue To(2) : |2u| = k} 4<k<n
° jvk—\zl,n(z) = #Iﬁ‘k—|z|,n, lz] <k<mn.
o Tn(2) := UZ:\2|1Tk—|Z\,n

@ Note ’ffn(ra) =Ty, Tin(2) = ’]Al‘k,n, f\[k,n(g) = j\rk’n7 Nn(g) =N,

n= ”
o Subtree
IR 11 T3 A
={$,1,2,11,12,13,21
O Ta={$,1,2,11,12,13,21}
) 13 A A ,.
12 151 ° T0’3(1)= ]’1_1‘3(1) ={¢) No,3(1)=1
4 1 L ! -T—1,3(1)= ?‘2.1,3(1) ={1,2} ﬁ1.3(1)=2
1 2 3 km ToaM=Ta.0.50 ={11,1213,21} Riz301-4
2 21 211
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Sketch of the proof: reduced tree

For each z € T,, we have

~ d ~
Nn—|z|,n(z) S Nn—|z\,n—|z\ (Q) S Nn—|z|~

Intuitively,
n=3 'T's n=3-1=2
IR T R T2
z=1 11 TIZ -F’(',i“) 11 = A
16 = | ANz 1 Na,2 ™
12 T8 12
21 B
4 : A ) L . 1
1 2 R 1 :J e
2 21 211 2 ']‘ 2
B BT BRS B2
Rz (R, {Pe@s  {Reean)ys
1 Tz Tz Tz
19549 f326 f3040 Foo® 04 f2u® F201®
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Sketch of the proof

Strategy of the proof of Theorem 1 Let Z, is a point process with law
L (Z, | N, > 0). We decompose Znir at generation n by Tpyr as

7 d
Znir((—o0, Vit ra) = Y Y Lveps<viten

2€Tn ngr Ly€Tr ngr (2)

= An+'r + B7L+T7

where
An+T = Z Z 1{V(Zy)§\/n+7'z} B NT’"J’_T (Z)I{NZS1/11+TX—V(Z)} ’
2€T ngr S — )
Buiri= D N mpmn via}
Ze’ﬁ‘n,nﬁ—r

and under P, N}, z € ?AI‘TL,HT are mutually independent, for fixed z N is distributed as
G™ , and independent of (V(u) cu€ Thppr,0< k< n) and Ny 11 (2).
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Sketch of the proof

Anrux o AzY) 0.

Vizy), x —
A(zvV){ #A e AT e
V(2) e each A(zy) behaves as the same variable )7, .

@ as n first then 7 tends to infinity, A, — 0, thus

. . A
Znir (=00, Vit 7a]) ~ Buir = Y Neoir (Dl < v}

2€Tp nyr

@ By Lemma 1, we have N, .. (2) < N, (@) = N,, and recall N, .\~ <41, as n first
then 7 tends to infinity,

d 2 d 3 d
B,1+T ~ Z NTI{NZS\/WI—V(Z)} ~ N-,—].{ V(2) <o ’~z }N EI{NSX} O

ZGTn,er
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Sketch of the proof: the asymptotic behavior of A, ,

Using Lemma 1, we get

g )
Anir = ) Y Lvwsvirme vy | — Nliec e v} |
ZeT’FL,"‘FT yeTT,‘r

where (V(u) : w € Tgnir,0 < k< n) is independent of (V(u) : u € T,), then we have

2

2 d A
A= 3 | D Yvwevirre vy — Mg cymmo v

zeTn,n+7 yeTT,T

+ Z H Z 1{v<y>sﬁn+m— Viz)} Nfl{Nzisﬁnwz— V(z)}
21,22€T 0 pgr =02 \yelr ~
21#22

() Zzl,zZeTn e 1 —0, as nthen 7 — co.

21722

(ii) limr o0 E[N;] = 55 < oc.
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Sketch of the proof: the asymptotic behavior of A, ,

2

2 d A
E[4A;, ] ~E Z Z Livig <vatra-viay — NN < vare- v(o)}
2€Tn ntr \YETT,~

=E Z F(n,n+7,V(2))|, asnthen T — oo,
Z€7Tn,n,+r

where for a € R, under P, ./V has the same distribution as ./\72 and is independent of X,
and N,

2

Fnyntma) =B || > Yygcmrrea — Nrlg<ymma
yelr ~

=E [ZT((—OO, vVn+ T — a])2:| —2E NT Z l{V(y)SWz—a}l{Ng\/Wz—a}
?IETT,T

+E [(fv,lwgmz,a})j

= Fi(n,n+7,a) —2F2(n,n+7,a) + F3(n,n+ 7, a).
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Lemma 2 (Many-to-one formula)

For every n,7 € {1,2,---}, for any 0 < k < n+ 7,20 € R and Borel measurable function
gon R, we have

By | 30 a(Viw)| = mi i tee=e g e,

“eTk,n+T

where X = (X, : n > 0) is the spine random walk with the jump law G under P.

Using Lemma 2, we obtain

EMLJimg%%é%;EWMm+ﬂxm

=E[Fi1(n,n+7,%X,)] —2E[F2 (n,n+ 7,X,)] + E[F3 (n,n+ 7, X,)].
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Sketch of the proof: the asymptotic behavior of A, ,

Lemma 3 (Second-order moment)

For every n,7 € {1,2,---}, for any a € R,
E [AZ-,—((foo n—+Tz— a})2]

1—f P(%' <\/n+7'z—a)

+1_ l)Zm‘TP(.'f(l)lf<x/n+Tz—af££2_)1T§\/n+Tz—a)
where under P, for each j, (X} : i > 0), (%](11) 112> 0), (36;22) : 4> 0) are spine random
walk whose jump distribution is G, and satisfying

(1) for all ¢ < j, %87 = x17).

@) (x{, - % :i>0) and (x{?

it it %(2) i > 0) are independent.
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Sketch of the proof: the asymptotic behavior of A, ,

By Lemma 3 and some calculations, we can get

Proposition 1

Suppose that assumptions hold, we have

limsupEAZ, . < hi(7),

n— oo

where hi (1) — 0 as T — 0.
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Sketch of the proof: the asymptotic behavior of B, ,

By some calculations, we can obtain,

N (2)1

2 et e _
E [sB"*T] =E {s Slmntr {Nesviirs V(z)}] =E [ Il Rn+r,v(2)],

Zeﬁ:n,nd—ﬂ'

where for a € R, s € [0, 1],
R(n,n+7,a) =P (./\N/'z <vVn+rz— a) E [siv’] +1-P (./\7; <+n+rz— a) .

Then, for fixed 2z € ']AI‘n,,H_T,
(i) Using the fact that [0 _, zm — [10_; wa| < 0" 320 | |2 — wi|, where
|zi| <1, |w;| <1, then

|E[sB"+f]—E[R(n,n+r, V() [I U<E Y. (1-R(nn+r Vi)

ZE’TT'ILJ%FT Zeﬁ‘n,n#»ﬂ'
2# 20 2#£20
) 1-£(0
<E [NWW - 1] . @(O/;n(f) —1, n— oo.
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Sketch of the proof: the asymptotic behavior of B, ,

(i) Since the law of V(z) is G™, and V(z) is indepnedent of N, then
B[R (n,n+ 7, V(x))] = O [s"] +1 - o(a),

whose limit is equal to E [5‘51{/‘/9}], as T — 00.

Proposition 2

Suppose that assumptions hold, then for all s € [0,1], we have

lim sup ’E [SBW] _E [SEI{NS’}” < ha(r, 9),

n— 00

where hy(7,s) — 0 as T — oo.
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Applications: Conditional limit theorems

Corollary

Suppose that assumptions hold, we have, for fixed [ > 1, for all z € R,
(i) For j€ N,

lim P (Z.((—o00,vna]) = j| Npyi > 0) = bj(lz) >0

n—00

where 3. bj(l2) = 1. Recall #(s) = E [s], then the generating function of
{b;(L 2)} ;5 is defined by

% {@(z) [B(s) — 2 (£(0))] + (1 — @()) [1 — Z (f1(0))]} -
(ii) As [ — oo and then n — oo,

L (Zn((—oo, \/’71,’13}) | Noti > 0) L (Cl{Ngz}) s

where the standard normal random variable N is independent of random variable ¢ with
distribution {7;};>1.
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Applications: Conditional limit theorems

The assumption of G can be generalized to the case that G is in the domain of
attraction of a stable law, that is, there exists a non-degenerate random variable 7,
{an} C R,{b,} C RY such that, as n — 00, (S» — @n)/bn L5 1, where S, is the sum
of n independent identically distributed variables with law G. Under this assumption, we
only need to replace (—oo,/na], N and ®(z) with (—o0, byz + a,], n and P (n < z)
respectively in the above results.
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Thank you!
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